Abstract. We discuss the structural and topological properties of a general class of weighted L 1 convolutor spaces. Our general theory applies simultaneously to weighted D L 1 spaces as well as to convolutor spaces for the Gelfand-Shilov spaces K{M p }. In particular, we extend various classical results of Schwartz about D L 1 to its weighted variants and characterize those sequence of weight functions (M p ) p∈N for which the space of convolutors for K{M p } is ultrabornological, thereby also generalizing Grothendieck's classical result for O ′ C (R d ).
Introduction
In his fundamental book [29] Schwartz showed that a tempered distribution f ∈ S ′ (R d 
The locally convex structure of O ′ C (R d ) was studied by Grothendieck in the last part of his doctoral thesis [14] . In particular, he showed that this space is ultrabornological [14, 
. We refer to [5, 18, 19, 22] for modern investigations on these spaces. Similar results for the space of convolultors for the space K 1 (R d ) of exponentially decreasing smooth functions [20] were obtained by Zielezny [34] .
On the other hand, two classical results of Schwartz state that a distribution f ∈ D [28, 6, 24, 31] .
The main goal of this article is to develop a unified approach towards these two types of results and, at the same time, considerably extending them. More precisely, let W = (w N ) N ∈N be a (pointwise) increasing sequence of positive continuous functions. We define L 
Next, for a positive continuous function v on R d , we define B v (R d ) as the Fréchet space consisting of all ϕ ∈ C ∞ (R d ) such that ϕ v,n := max
Finally, we introduce the ensuing (LF )-spaces
The main results of the present article can then be stated as follows: 
algebraically. Moreover, the following facts are equivalent:
(i) W satisfies the condition:
In such a case, the strong bidual ofḂ
Condition (1.1) is closely connected to Vogt's condition (Ω) [21] which plays an essential role in the splitting theory for Fréchet spaces [30] and, in fact, the ideas of some of our proofs in Section 3 stem from this theory. In this respect, we should mention that Abdullah studied the convolutor spaces O ′ C (K M ) for the spaces K M (R d ) [1, 3] . In [3, p. 179] he claims that the spaces O ′ C (K M ) are always ultrabornological. Concerning the proof, he simply states that this can be done in a similar fashion as Zielezny did for the space of convolutors for K 1 (R d ) [34] . However, as we shall argue in Remark 5.11, it is not all clear how to generalize Zielezny's argument and actually Abdulla's claim turns out to be false. In Theorem 5.10 we shall give a precise characterization of those weights M for which O
Finally, we would like to mention that the methods we employ are completely different from the ones used by the aforementioned authors. Namely, in the first part of this paper we shall extensively use Palamadov's homological theory for (LF )-spaces [25, 33] to characterize the completeness of the spaces
In the second part, we shall exploit the mapping properties of the short-time Fourier transform (ST F T ) [13] on various function and distribution spaces to show that ( . By combining this with the results obtained in the first part, we shall finally be able to show Theorem 1.1. In our opinion, the use of the STFT leads to transparent and insightful proofs of rather subtle results. In this context, we would like to mention the paper [7] in which mapping properties of the STFT on O ′ C (R d ) are established by using Schwartz' theory of vector-valued distributions and [16] in which weighted
spaces are characterized in terms of the growth of convolution averages of their elements via the STFT. We were inspired by both of these papers.
The plan of the article is as follows. In the auxiliary Section 2 we develop a theory of the STFT which applies to all elements of D ′ (R d ). This framework will enable us to deal with weight systems satisfying the very general condition (1.1). The locally convex structure of the (LF )-spaces
is discussed in Section 3. We shall show that for these spaces all regularity conditions considered in the literature (in particular, completeness) are equivalent to the fact that the weight system W satisfies condition (1.1). For later use, we also characterize these spaces in terms of the STFT. In the main Section 4 we study various structural and topological properties of the space O ′ C (D, L 1 W ) via the STFT and finish the proof of Theorem 1.1. Here we also present our results concerning weighted D L 1 spaces. Finally, in Section 5, we apply our general theory to discuss the spaces of convolutors forḂ W (R d ).
The short-time Fourier transform for general distributions
The aim of this auxiliary section is to define the STFT for general distributions with respect to compactly supported smooth window functions. In particular, we prove a reconstruction and a desingularization formula. These formulae will play an important role in the rest of this article.
Our notation from distribution theory is standard. Namely, given a compact K ⋐ R d and n ∈ N, we write D n K for the Banach space consisting of all ϕ ∈ C n (R d ) with supp ϕ ⊆ K endowed with the norm
For n = 0, we simply write · K = · K,0 . We define
Furthemore, we denote by E(R d ) and S(R d ) the space of smooth functions and rapidly decreasing smooth functions on R d , respectively, each endowed with their canonical Fréchet space structure. The dual spaces
are the space of distributions and the space of distributions with compact support, respectively. We endow these spaces with their strong dual topology.
Next, we recall some fundamental properties of the STFT on the space L 2 (R d ). For further properties of the STFT we refer to the book [13] . As customary, the translation and modulation operators are denoted by T x f = f ( · − x) and M ξ f = e 2πiξ· f , for x, ξ ∈ R d . We also writef = f ( − · ) for reflection about the origin.
is continuous. The adjoint of V ψ is given by the weak integral
In order to be able to extend the STFT to the space of distributions D ′ (R d ) we must first establish the mapping properties of the STFT on D(R d ). We need some preparation. Given two locally convex spaces E and F we write E ⊗ π F ,E ⊗ ε F , E ⊗ i F for the completion of E ⊗ F with respect to the projective topology, ε-topology, inductive topology, respectively [15] . If either E or F is nuclear, we simply write 
where the right-hand side is a strict (LF )-space. We then have:
are well-defined continuous mappings.
Proof. We start with showing that V ψ is well-defined and continuous. Consider the continuous linear mappings
The result now follows from the representation V ψ = F t • S. Next, we treat V * ψ . Consider the continuous linear mappings
The fact that V * ψ is well-defined and continuous now follows from the representation
is a synthesis window for ψ, the reconstruction formula (2.3) reads as:
We are ready to define the STFT on the space
, there are n ∈ N and C > 0 such that
The result now follows from the fact that
we have that
because of Lemma 2.1. We now have all the necessary apparatus to establish the mapping properties of the STFT on
and the desingularization formula
Proof. The mapping V ψ is continuous because of Lemma 2.3 and the continuity of
ψ is continuous because of its definition and the continuity of 
Finally, we show that, if f ∈ E ′ (R d ), the desingularization fomrula (2.5) holds for all ϕ ∈ E(R d ). In order to do so, we briefly discuss the STFT on the spaces E(R d ) and
is a well-defined and continuous mapping.
Proof. (i) Consider the continuous linear mappings
The result now follows from the representation
The second part follows from Lemma 2.2.
Hence the desingularization formula (2.5) and Proposition 2.5 imply that
that is, (2.5) holds for f and ϕ.
Weighted inductive limits of smooth functions
In this section we introduce two general classes of weighted inductive limits of smooth functions defined via a decreasing sequence of positive continuous functions. Our main goal is to characterize the completeness of these spaces in terms of the defining sequence of weight functions. In order to do so, we first recall several regularity conditions for general (LF )-spaces. Furthermore, we also establish the mapping properties of the STFT on these spaces. The latter result shall be used later on.
3.1. Regularity conditions for general (LF )-spaces. A localy convex space E is called an (LF )-space if there is a sequence (E N ) N ∈N of Fréchet spaces with E N ⊂ E N +1 and continuous inclusion mappings such that E = N ∈N E N and the topology of E coincides with the finest locally convex topology for which all inclusion mappings E n → E are continuous. We call (E N ) N a defining inductive spectrum for E and write
− →N E N be an (LF )-space. We shall consider the following regularity conditions on E:
(i) E is said to be boundedly retractive if for every bounded set B in E there is N ∈ N such that B is contained in E N and E and E N induce the same topology on B.
(ii) E is said to be regular if every bounded set B in E is contained and bounded in E N for some N ∈ N.
(iii) E is said to be β-regular if for every N ∈ N and every subset B of E N which is bounded in E there is M ≥ N such that B is bounded in E M . (iv) E is said to satisfy condition (wQ) if for every N ∈ N there are a neighborhood U of 0 in E N and M ≥ N such that for every K ≥ M and every neighborhood W of 0 in E M there are neighborhood V of 0 in E K and C > 0 with V ∩ U ⊆ CW . If ( N,n ) n∈N is a fundamental sequence of seminorms for E N , then E satisfies (wQ) if and only if
We have the following chain of implications (cf. [32] and the references therein)
Finally, E is said to be boundedly stable if for every N ∈ N and every bounded set B in E N there is M ≥ N such that for every K ≥ M the spaces E M and E K induce the same topology on B. Grothendieck's factorization theorem (see e.g. [17, p. 225 (4)]) implies that all of these conditions do not depend on the defining inductive spectrum of E. This justifies calling an (LF )-space boundedly retractive, etc., if one (and thus all) of its defining inductive spectra has this property. The following theorem shall be of crucial importance for us. 
]). An (LF )-space is boundedly retractive if and only if it satisfies (wQ)
and is boundedly stable.
On the completeness of weighted inductive limits of smooth functions.
We now introduce the weighted (LF )-spaces of smooth functions that we shall be concerned with. Let v be a non-negative function on R d and let n ∈ N. We define
and we also endow it with the norm · v,n . Notice that, if v is positive and
A pointwise decreasing sequence
is called a decreasing weight system. We define the following Hausdorff (LF )-spaces
and this space is an (LF S)-space (= inductive limit of Fréchet-Schwartz spaces).
We shall often need to impose the following mild condition on V:
We are ready to characterize the completeness the (LF )-spaces
terms of the defining decreasing weight system V. We need the following definition.
We then have:
The following conditions are equivalent:
The proof of Theorem 3.4 is based on the ensuing three lemmas.
Proof. Let N ∈ N be arbitrary and choose M ≥ N according to (Ω). We shall show that for all K ≥ M the spaces
We only need to prove that the topology induced by
Let n ∈ N and ε > 0 be arbitrary. Choose θ ∈ (0, 1) and
Lemma 3.6. Let V = (v N ) N be a decreasing weight system satisfying (3.2) and (Ω). Then,
The proof is based on the following multivariable version of Gorny's inequality, shown in [11, Ex. 3.13] : For all m, k ∈ N with m < k there is C > 0 such that
Let N ∈ N be arbitrary and choose
There is θ ∈ (0, 1) and
Lemma 3.7. Let V = (v N ) N be a decreasing weight system and let E be a Fréchet space such that E ∼ = s topologically. Let ( · n ) n∈N be a fundamental increasing sequence of seminorms and suppose that the pair
Then, V satisfies (Ω).
Proof. Notice that, if E and F are topologically isomorphic Fréchet spaces, (E, V) satisfies (S 2 ) * if and only if (F, V) does so. Hence it suffices to show that V satisfies (Ω) provided that (E, s) satisfies (S 2 )
* . This is essentially a particular case of [?, Thm. 4.1] but we repeat the argument for the sake of completeness. Let N ∈ N be arbitrary and choose M ≥ N as in (S 2 ) * . Let K ≥ M be arbitrary. Choose k ∈ N according to (S 2 ) * for m = n + 1. We may assume that k > m. By applying (S 2 ) * to the unit vectors in s we obtain that
for all x ∈ R d and j ∈ Z + and some C ≥ 1, which implies that
for all x ∈ R d and r > 0.The result now follows by minimizing the right-hand for r > 0 (with x ∈ R d fixed). 
Proof of Theorem 3.4. The implications (ii)
* . Let N ∈ N be arbitrary and choose N ≥ N as in (3.2).
Next, choose M ≥ N and n ∈ N according to (wQ). Pick M ≥ M as in (3.2). We shall show (S 2 ) * for M and n. Let K ≥ M and m ∈ N be arbitrary. Choose K ≥ K as in (3.2) . By (wQ) there are k ∈ N and C > 0 such that
and
where
We discuss the mapping properties of the STFT on the spaces
The following two technical lemmas are needed. 
Then, the mappings
x,ξ ) are well-defined and continuous.
which shows the continuity of
Hence, we only need to prove that
and, thus, also uniformly over compacts subsets of 
are well-defined and continuous.
Proof. Set K = supp ψ and let
x,ξ ) be arbitrary. For all t ∈ R d and |α| ≤ n,
follows from the above inequality and Lebesgue's dominated convergence theorem.
Given a decreasing weight system V = (v N ) N , we define the following Hausdorff (LF )-spaces of continuous functions.
Lemmas 3.8 and 3.9 together with (2.5) directly imply the ensuing two results. 
are well-defined and continuous. Moreover, if
Proposition 3.11. Let V = (v N ) N be a decreasing weight system satisfying (3.2) and let ψ ∈ D(R d ). Then, the mappings
Finally, we combine Proposition 3.10 with a result concerning the projective description of weighted (LF )-spaces of continuous functions to give an explicit system of seminorms generating the topology of B V (R d ) in case V satisfies (Ω). This will be of vital importance later on. We start by recalling the result from [] that we shall employ. A double sequence U := (u N,n ) N,n∈N of positive continuous functions on R d is called a weight system if u N,n (x) ≥ u N +1,n (x) and u N,n (x) ≤ u N,n+1 (x) for all N, n ∈ N and x ∈ X. We define the following Hausdorff (LF )-space
The maximal Nachbin family associated with U, denoted by U = U (U), is given by the space of all non-negative upper semicontinuous functions u on X for which there is a sequence of natural numbers (N n ) n∈N such that sup x∈R d u(x)/u n,Nn (x) < ∞ for all n ∈ N. We set
Clearly, UC(R d ) is densely and continuously included in CU(R d ). The problem of projective description in this context is to find conditions on U which ensure that UC(R d ) and CU(R d ) coincide algebraically and/or topologically. This problem was thoroughly studied by Bierstedt and Bonet in [8] . We shall use the following result of these authors 
We are now able to show the following result:
Proof. The second part directly follows from directly from the reconstruction formula (2.4), Proposition 3.10, and the the first part combined with Theorem 3.12. We now show that V pol satisfies (Q) if V satisfies (Ω). We use the same idea as in [?, Thm. 5.1]. We shall show (Q) with n = 0. Let N ∈ N be arbitrary and choose M ≥ N according to (Ω). Next, let K ≥ M and m ∈ N be arbitrary. Condition (Ω) implies that there are θ ∈ (0, 1) and
so large that kθ ≥ m. Now let ε > 0 be arbitrary and set
, we are done. So, we may assume that
and, thus,
4. On a class of weighted-L 1 convolutor spaces
In this section we introduce a class of weighted-
To achieve this goal, we first study various structural and topological properties of these spaces, which may be also of independent interest. Most notably, we determine a topological predual and give an explicit description of the dual of O 
We are interested in the following convolutor spaces 
We shall often need to impose the following mild condition on W:
We discuss the mapping properties of the STFT on the space
To do so, we need to introduce some more notation. Throughout the rest of this article the following decreasing weight system on R d will be frequently used:
a Hausdorff (LB)-space. Furthermore, we write P for the maximal Nachbin family associated to P. More explicitly, the space P consists of all non-negative upper-semi continuous functions p on R d such that sup ξ∈R d p(ξ)(1 + |ξ|) n < ∞ for all n ∈ N. One can readily show that for a non-negative function f on R d it holds that
We shall use these properties without explicitly referring to them.
By 
is a well-defined continuous mapping) satisfying the following property: for all N ∈ N there is n ∈ N such that
for all N ∈ N and p ∈ P . Moreover, by [9, Thm. 3.1(c)], the topology of
is generated by the system of seminorms { · L 1 w N ,p : N ∈ N, p ∈ P }. We then have: Proposition 4.1. Let W = (w N ) N be an increasing weight system satisfying (4.2) and let ψ ∈ D(R d ). Then, the mappings
Observe that, since the mappings
are continuous, the mapping
is also continuous. Let ξ 0 , ξ ∈ R d and N ∈ N be arbitrary. We have that
The first term tends to zero as ξ → ξ 0 because of
and the continuity of the mapping (4.3), while the second term tends to zero as ξ → ξ 0 because of Lebesgue's dominated convergence theorem. Next, let N ∈ N and p ∈ P be arbitrary. The set B = {M ξψ p(ξ) :
which shows that V ψ is well-defined and continuous. Next, we treat V * ψ . Let N ∈ N and B ⊂ D(R d ) bounded be arbitrary. ChooseÑ ≥ N according to (4.2). Proposition 2.1 implies that there are K ⋐ R d and p ∈ P such that supp
This shows that V ψ is well-defined and continuous. − →N E N be an (LF )-space. We define S = {B ⊂ E : B is contained and bounded in E N for some N ∈ N} and write bs(E ′ , E) for the S-topology on E ′ (the topology of uniform convergence on sets of S). Grothendieck's factorization theorem implies that bs(E ′ , E) does not depend on the defining inductive spectrum of E. Clearly, bs(E
We then have: Theorem 4.4. Let W = (w N ) N be an increasing weight system satisfying (4.2). Then,
. We need some preparation. 
Proof. the distribution f can be extended to a continuous linear functional onḂ n 1/w (R d ) for some n ∈ N (as this extension is unique we also denote it by f ). Consider the topological embedding 
The Riesz representation theorem implies that there are regular complex Borel measures 
Proof. Assume that f is represented via (4.4). In particular,
(i) Let ϕ ∈ D(R d ) be arbitrary and set K = supp ϕ. We have that
where |µ α | denotes the total variation measure associated with µ α . For each |α| ≤ n it holds that
which tends to zero as |x| → ∞, that is,
Proof of Theorem 4.4. Corollary 4.6(i) directly implies that (Ḃ
. We now show that this inclusion holds continuously if we endow the former space with the bs((
We shall the following result from measure theory: Let λ be a positive σ-finite measure on
as follows from [26, Thm. 6.13] (which is a consequence of the Radon-Nikodym theorem) and the Riesz representation theorem [26, Thm. 6.9] . Now let
and N ∈ N be arbitrary. By the above remark (applied to the the measure dλ(x) = w N (x)dx) we have that, for all
where the last equality follows from Corollary 4.6(ii). ChooseÑ ≥N according to (4.2) . It is now enough to notice that the set
, as follows from (4.5) (with v = w N and w = w N ). Next, we
. By (2.4) and Proposition 4.1 it suffices to show that
′ bs is a well-defined and continuous mapping. Let
is well-defined and continuous by Lemma 3.8.
whence V * γ is well-defined. Finally, we show that it is continuous. Let N ∈ N and B ⊂Ḃ 1/w N (R d ) bounded be arbitrary. Choose N ≥ N according to (4.2). Lemma 3.8 implies that
< ∞ for all n ∈ N, which in turn implies that there is p ∈ P such that
From now on, we shall interchangeably use the notations
depending on which point of view is most suitable for the given situation. We shall not explicitly refer to Theorem 4.4 when we do this. 
W ) be arbitrary. Proposition 4.1 and equality (4.6) imply that V *
The result now follows from the fact that V *
. In this subsection we study the locally convex structure of 
W ) with continuous inclusions. We shall prove that both inclusions have dense range. We start by showing that
The result now follows from the fact that, since θ(0) = 1, θ k → 1 uniformly on compacts.
Proposition 4.9. Let W = (w N ) N be an increasing weight system satisfying (4.2).
(i) The canonical inclusion
is a continuous bijection whose restriction toḂ W • (R d ) coincides with the canonical inclusion (4.7).
Proof. (i) The topology bs((Ḃ
is clearly coarser than the strong dual topology and finer than the weak- * topology on (
)-bounded, which in turn yields that (4.7) is a strict morphism.
(ii) We start by showing that, for each
The claim now follows from Proposition 4.1. Next, we show that (4.8) iscontinuous. Let N ∈ N be arbitrary and choose N ≥ N according to (4.2) . Lemma 3.8 implies that for all n ∈ N there is C n > 0 such that
In view of Lemma 4.8 it therefore suffices to show that g ∈ B W • (R d ), or, equivalently that V ρ g ∈ W
• pol (cf. Proposition 3.10), where ρ ∈ D(R d ) is some nonzero window function. Since Φ is continuous, there is N ∈ N and a bounded set
Hence, the required bound for |V ρ g| directly follows from Lemma 3.8. Finally, the last statement is a reformulation of Corollary 4.7. 
We believe that the mapping (4.8) is always a topological isomorphism but we are not able to prove this in general. However, we now show that this is indeed the case if W
• satisfies (Ω). As it will turn out, this suffices for our main purposes. 
and observe that B satisfies all requirements because
We are now ready to prove the main theorem of this section.
Theorem 4.12. Let W = (w N ) N be an increasing weight system satisfying (4.2). Then, the following facts are equivalent:
We shall use the fact that a locally convex space is infrabarrelled if and only if every strongly bounded set in its dual is equicontinuous.
(i) ⇒ (ii) Choose ψ, γ ∈ D(R d ) with (γ, ψ) L 2 = 1. By Propositions 4.11 and 4.1 it suffices to show that for every bounded set B ⊂ B W (R d ) there are p ∈ P , N ∈ N, and C > 0 such that 
′ bs is finer than the strong dual topology on (
′ bs is ultrabornological (in particular, infrabarrelled) there is N ∈ N and a bounded set
Our assumption implies that there is M ∈ N and a bounded set
• , where the polarity is taken twice with respect to the dual system
. We may assume without loss of generality that M ≥ N. We now show that B is bounded inḂ 1/w M (R d ). Let n ∈ N be arbitrary. There is C > 0 such that ϕ 1/w M ,n ≤ C for all ϕ ∈ B ′ , which implies that
for all x ∈ R d and |α| ≤ n. Hence
As a first application of Theorem 4.12, we study the locally convex structure of the Fréchet spaceḂ 1/w (R d ).
Theorem 4.13. Let w be a positive measurable function and assume that g := sup
Then, the following properties hold:
Proof. We may assume without loss of generality that w is continuous. Indeed, for otherwise consider the continuous weight w = w * ϕ, where ϕ ∈ D(R d ) is non-negative and satisfies R d ϕ(t)dt = 1. Then,
From now on we assume that w is continuous. Set W = (w) N ∈N , a constant weight system, and notice that W
• satisfies (Ω). Properties (i)-(iii) therefore follow immediately from Proposition 4.11, Theorem 4.12, and the fact that a Fréchet space is distinguished if and only if its strong dual is infrabarrelled [17, p. 400, (3)].
Convolutors in Gelfand-Shilov spaces
As a second application of our general theory developed in Section 4, we now discuss spaces of convolutors for general Gelfand-Shilov spaces, as introduced in [12, Ch. II].
Let W = (w N ) N be an increasing weight system. We define the ensuing Fréchet spaces
and this space is an (F S)-space (= Fréchet-Schwartz space).
Let W = (w N ) N be an increasing weight system satisfying (4.2) and writeW :
is well-defined and continuous. We define
The closed graph theorem and the continuity of the mapping (5.1) imply that, for
with the initial topology with respect to the mapping O
The goal of this section is to study the structural and topological properties of O ′ C (Ḃ W ). We shall need to impose the following conditions on W: 
is well-defined and continuous. We start by showing that V * ψ is well-defined. Let
Condition 5 Gelfand and Shilov only considered the space B W (R d ) for which they used notation K{M p }, where
(5.3) implies there are K, M ∈ N and C > 0 such that
ψ on the whole spaceḂW (R d ). Next, we show that 
. We end this article by applying Theorem 5.3 to certain Gelfand-Shilov spaces which are frequently used in the literature. In order to do so, we evaluate conditions (5.2), (5.3), and (Ω) for two classes of increasing weight systems. Namely, let γ be a positive continuous increasing function on [0, ∞) and extend γ to R d by setting
We define the following increasing weight systems on R d : W γ := (e N γ ) N and W γ := (e γ(N · ) ) N . The function γ is said to satisfy (α) (cf. [10] ) if there are A, H ≥ 1 such that
Notice that, if γ satisfies (α), we have that
for all t 1 , t 2 ≥ 0. We now discuss the properties of the increasing weight systems W γ . 
where studied by Abdullah [2] . We now further specify Proposition ?? to weights of this type. Proof. The weight system W γ satisfies (5.2), (5.3) (cf. Proposition 5.8 (i) and (ii)). Next, we show that it also satisfies condition (5.4). Since µ is increasing, we obtain that 
